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Intro to Computer Graphics

Transformations

Transformations

s % | |,
= 99
_sin 0" (05 0° a, Pl il

Specifying Complex Scenes

Specifying Complex Scenes

* Absolute position is not very natural

— “The panel is on top of the roof, which is above
the house”

Work “locally” for every
object and then combine

* Need a way to describe “relative” relationship:

Transformations

* Transforming an object = transforming all its
points

* For a polygon = transforming its vertices

@Gm?‘

Scaling
VX .
e v= (Uy) —vector in XY plane

* Scaling operator S with parameters (sy, Sy ):

S (Sx:Sy) (17) _ (Ux Sx>

VySy
. (00)

(505)=0.7,07)  (5,5)=(07,10)  (5,5)=(3.0, 1)

Matrix Form

* Convenient math for representing linear
transformations

— Composition = multiplication
— Inverse transformation — matrix inverse

— More on that later...
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Scaling

Matrix Form

se 07/« VySy
§HH ) = [0 Sy] (”y> - (”ysy)

* Independentin x and y
— Non-uniform scaling is allowed

Rotation ’

* Polar form:
Vx T CoS
v =, |= .
y rsina

* Rotate v anti-clockwise by & to w:

'y rsin(a + 0)

8

6= -45% =135 | /
6
(0.0) )

RO(v) = (ﬁx) _ (r C(.)s(a o 9)) _ (vx c.ose — vy, sin 9>

Uy Sin 6 + vy, cos 6

Rotation

* Matrix form:

—sinf

RO(v) = [cosH o

sin 6

Rotation Properties

+ RY is orthogonal
()™

* Rotation by —8 is

= (@)’

R® = (

cos 6 —sin0)
sinf  cos@

* Translation operator T with parameters (ty, t, ):
Ve + L
Ttx,ty(v) — ( X x)
vy t+ty

* Can we express T in a matrix form?

11

. . . ) _g _ [cos(—8) —sin(—@)]
Rotation operator R with parameter 6: R7Y = [sin(— )  cos(—6)
RO — [cos@ —siné
=lsing  cos® _[cosf sin 9] _ (Rg)—l
—sinf cos@
Translation Homogeneous Coordinates in R?
¢ Points of the form
h h vh = (z};)
)=(0.0,1.0) (t, t (l 0, 0.0) (IX,Iy):(l.S. 0.3) v

*  Where we identify

for all nonzero ¢
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Conversion Formulae

¢ From Euclidean to homogeneous

Example

* In homogeneous coordinates

()-()-

Translation using
Homogeneous Coordinates

1 0 t] /v
Ttx'ty(vh) = [0 1 tyl (vy> =
0O 0 1 1

Uy +ty
= (Uy + ty>
1

Matrix Form

Why bother expressing
transformations in matrix form?

Transformation Composition

What operation rotates by 8 around p = (gi)?

— Translate p to origin
— Rotate around origin by 6
— Translate back

e PR

Transformation Composition

* M, performs one transformation
* M, performs a second transformation

M,(Myv) = MyMyv = (MpMy)v

* M,M, performs the composed transformation
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Intro to Computer Graphics Transformations

Transformation Composition

T xpy) ROT(~Px—Py)y, =

1 0 pylfcos® —sinb O
0 1 py smH cos@

0 0 1

Transformation Quiz

* What do these Euclidean transformations do?

PR A e e
o

Transformation Quiz

* And these homogeneous ones?

Transformation Quiz

* Can one rotate in the plane by reflection?

TODPIRRef, R~4T©~D)

E * How can one reflect through an arbitrary line
1 in the plane?
_1_
[ 1
1
0.5
Arbitrary Reflection Rotate by Shear
e Shear
. . _ 1 011 111 aj[1 O
Shift by (0, —b) y [1 1] ,[O 1],[0 1],[a .
* Rotate by —a
* Reflect through x ¢ Rotationby 0 <6 < g composition of 3 shears
* Rotate by a (0, b) cosf —sin@y _ 0]r1 Z _
« Shift by (0, b) -~ (5in )‘ [ “

yz+1
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Intro to Computer Graphics

Rotate by Shear

[cosH —sin :[1+xy Z+xyz+x]
sinf cos@ y yz+1

* Solveforx,y,z:
cos@=1+xy=yz+1
sinf =y =—(z+xyz+x)
* Solution:
y=sinf, x =z = —tan(6/2)

e o) =l e Al T3

¢ When is this useful?

Rotate by Shear

Image Rotation

g lﬁ' g\l ?A\]

Source Shear #1 Shear #2 Shear #3

Rotate by Shear
* Can we rotate with two (scaled) shears?

o dosel[ e 1= [5ine

* What happens for 8 = g ?

—sin @
cos 6

Rotation Approximation

* For small angles 8 — 0 we have:
cos B — 1 and sin @ — 6 (Taylor expansion of sin/cos)

¢ Can approximate:

X =xcosf —ysinf =x —yf
y=xsinf +ycosf =x6+y
Examples (steps of 6):
28 25(1 10(! 2(3 05!

3D Transformations

« All 2D transformations extend to 3D
* In homogeneous coordinates:

Sx 1 29
§(sesysz) = Sy Ttxtyts) 1 ty
Sz 1t
1 1
cos® —sinf z
RY = sinf  cosé L
1

*+ Whatis R ? R)?

29

&

3D Transformations
* Questions (commutativity):
— Scaling: Is S;S, = S,5,?
— Translation: Is T;T, = T,T;?

—Rotation:  IsR;R, = R,R;?
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Rotation Non-Commutativity

2 7

3D Coordinate Systems

.

Left Handed Coordinates Right Handed Coordinates

z Z
z swap any two axes Yy
or reverse any one axis
Y

=

Example: Arbitrary Rotation

w
Y Z

Problem:
Given two orthonormal coordinate systems
[X,Y,Z]and [U,V, W],
find a transformation from one to the other.

Arbitrary Rotation

Answer:
Transformation matrix R whose columns are U,V, W'

u’X VX WX
R=|uy, v wy

Uy, Uz Wy

Uy Uy Wy 1 Uy
u, v, wyllo]= (uy> =y
Uz Yz WzI\0 Uy

Similarly R(Y) =V and R(Z)=W

34

Proof:

R(X) =

Arbitrary Rotation (cont.)

Inverse (=transpose) transformation, R™1, maps
[UV,W]to [X,Y,Z]:

Uy Uy U,

[ ] Uy Ilull® 1
R =|vx vy v, (uy> = 0 = (0) =X
we wy wyf\u, 0 0

3D Graphics Coordinate Systems

* How can we view (draw) 3D objects on a 2D
screen?

3D Camera 2D View space

space

3D Object space
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Viewing Pipeline

* object - world
positioning the object— modeling transformation
gl ty,tz), glScale(sx,sy,sz), xa,ya,za)

¢ world - camera 2D View space
positioning the camera — viewing transformation
gluLookAt(cx,cy,cz, ax,ay,az, ux,uy,uz)

3D Camera
¢ camera - view space

taking a picture — projection transformation
glFrustum(left, right, bottom, top, near,far)

¢ view - screen
displaying the image — viewport transformation
glViewport(lix, lly, width, height)

3D World space

3D Object space

Viewing Transformations
World - Camera/Eye

(an! ary,. afz]

(up, vp,., up,) World space

Camera/eye
space

X

leye,. eve,. eye,)

Viewing Transformations
Camera — View

& Projection
transformation

zZ
Camera space View space

Projection Transformations

* Canonical projection X
— Ignore z coordinate, use x, y

g
coordinates as view coordinates \\%’7

© o o o
o r oo
» o oo
© o o o
o or o
o r oo
r o o o

Perspective Projector Lines

A line connecting a point in 3D with its 2D
projection

center of

Pinhole Camera Model

The geometry of a pinhole camera
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Comparison

Orthographic

Perspective

Vanishing Points
where 3D parallel lines meet in 2D
under perspective

HORIZON LINE

W
-

PICTURE PLANE

=k

VANISHING
POINT 1

X~

VANISHING
POINT 2

VANISHING
POINT 3

*

" Triple point perspective

* Viewing is from point at a
finite distance

. . X
* Without loss of generality:
— Viewpoint at origin
— Projection (viewing) plane is
z=d
Triangle xp _ X yp _ y
similarity: 7 - ; '7 - ; P i
‘ Center of
X X y projection
»= 274" T 7/d

Perspective Projection

Projection

plane

* Homogeneous coordinates:

N
By

almrr oo LY

/S
AR
S~ —
n
o
ENEND
a a
~———
[
—
Taex
S~———

*  Matrix form:

o ocog

10
01
00
00

il

—

Saw R

~ =
i

T P is not injective & singular: det(P) = 0

www.pinterest.com/explore/forced-perspective/

.
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Scale vs. Dolly

What is the difference between:
* Moving the projection plane (scale, zoom)
* Moving the viewpoint (center of projection) (dolly)

Scale

Dolly

Original

The Dolly-Zoom Effect

aka “Hitchcock effect”

* Dolly + scale s.t. subject remains same size

* Zoom-in camera while moving away from subject
(or the opposite)

vimeo.com/moogaloop.swf?clip_id=84548119

51

Perspective Warp

o o o e
o o » o

f(z)—dz‘z’“)—i[l_ﬁ)
T 2(d-a) d-al z

f2)

7l

e
i

S5

) monotonic increasing in z
preserves z ordering

o

a d 21 7

View Frustrum

€S
£333
N

>
W2
> S
> .o .
< n
12
TS 2 1”["pp
NE .

Perspective projection (P) ’C/’:ﬁ,cr’

Orthographic projection (O)
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Projection Matrix
From View Frustrum

0 0 -3
0 0 0 ax
+Z
00 dd d—ad
ca d-a 2n r+l
00 1/d 0 = [ — 0
) r-1 r-I|
t-b  t-b
Important special case: 0 —(f+n) -2fn
r=-=lLt=-b f-n f-n
0 0 =il 0

Viewport Matrix
From NDC to Viewport

(lx,lly)  €——— width ———>

Fun with Perspective

3D Sidewalk Art by Julian Beever

Copyright
C. Gotsman, G. Elber, M. Ben-Chen
Computer Science Dept., Technion

JACOBS

TECHNION-CORNELL

INSTITUTE

AT CORNELL TECH

10



CS3620

Transformations

L

Intro to Computer Graphics

@ iulisn B4
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