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1 Introduction and Reminder

In the previous lectures, our set-up was as follows. We had a set X of elements and a distribution
P over the set X x {0,1}. The distribution defines the probability (or density) for each element
x € X to “come up”, and the probability for a certain property of x to hold or not to hold. If (x,1)
“comes up,” then z has the property, and if (x,0) “comes up,” then z does not have the property.
The learning problem consists in predicting, given x generated by P, whether or not this property
holds. We are given an independent, identically distributed (i.i.d.) sample S € (X x {0,1})™ of
distribution P that contains m pairs (x;,y;), i = 1,2,...,m, where z; € X and y; € {0,1}, and we
use S to find a function h : X — {0,1} that takes x and predicts y in a new pair (z,y).

The prediction function h, called a hypothesis, must be selected from a given set H of functions,
called the hypothesis class. Ideally, we should choose h € H such that it minimizes the true error
EP(h) defined as

EP(h) = Pl(r,y)~ P : h(z) £y

In practice, however, all we can do is to choose h € H that minimizes the training error E° (h)
which equals

d oY, = 8
0, h(z:)=ui an (z y)z_l

1 m
ES(h) = p ZXi where X; := {
1=1

For consistency of the learning process, it is important to make sure that E%(h) converges to
EP(h) as the sample size m tends to infinity. Moreover, the convergence must occur simultaneously
for all hypotheses h € H; otherwise even for arbitrarily large sample sizes there may be hypotheses
for which the training error is small, but the true error is large. In other words, E°(h) must
uniformly converge to E(h):

Ve >0: lim

m — o0

sample S Vh € H :
of sizem ° |EF(h) — ES(h)| <e¢

In some situations, only uniform one-sided convergence is required to prove consistency. This type
of convergence ensures that if the training error £°(h) is small, then the true error E(h) is likely
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Figure 1: Empirical distribution function.

to be small too, for large enough samples:

Ve >0: lim P

m— o0

sample S Vh € H : _ 1
of sizem = EF(h)—E%(h)<e|

For practical purposes, the convergence should be reasonably fast; it is not enough just to prove
it asymptotically. Previously, we considered the case when H is a finite set: |H| < oo. Using the
Chernoft-Hoeffding bound, we obtained the formula

Ym,d>0: P
2m

Vhe H: EF(h)—ES(h) < \/1“|H|+ln(1/5)] > 1-5 (1)

When the hypothesis class H has infinite cardinality,! formula (1) cannot be applied. There
are, however, other similar results that provide bounds different from (1).

2 Glivenko-Cantelli Theorem

One result that provides a bound on uniform convergence for an infinite hypothesis class is Glivenko-
Cantelli theorem. Its set-up differs from Section 1: Here we want to estimate the distribution func-
tion F(x) = P [£ < ] of a real-valued random variable £ from an i.i.d. sample S = (x1,x2,...,Zmn)
of size m. The classical approach is to construct an empirical distribution function F*° (x) as follows
(Fig. 2):

1 ifz >0,

0 otherwise.

Fs(ﬂf) = %29@—332-), where 6(z) = {
i=1

According to the textbook [3], Glivenko-Cantelli theorem, proved in the 1930’s long before the
advance of statistical learning theory, claims the following:

n “naive” mathematics (as opposed to axiomatic set theory) cardinality is just the measure of set size. For a
finite set H, cardinality is the number of elements |H|. For infinite sets, two sets A and B are defined to be of the
same size if there is a one-to-one correspondence between the elements of A and the elements of B. The smallest
infinite cardinality is the size of set N = {0,1,2,...}, and it is denoted by Ro. The sets N? = N x N, N? etc. also
have size Ro. After Yo, the next infinite cardinality is Ni, then Ny and so on; they all exist. The set R of real numbers
has cardinality continuum, the same as the set of functions 2N = {f : N — {0, 1}}. Tt is easy to prove that [27] > Ro;
however, the question whether or not |2N| = N; cannot be answered within the scope of conventional mathematics.



Theorem 1. (Glivenko-Cantelli) Empirical distribution function F*(z) converges to F(z) uni-
formly for all x € R.:

) . sample S VreR: _
ve>0: mlgnooP of sizem * |F(z)— FS(x)| <e| L

The convergence in this theorem can be uniformly bounded. At the previous lecture, the bound
was given in terms of interval probabilities. Consider a semi-interval [a, ), where a < b; we can see
that

Pla,b) == Plz~P:z€a,b)] = P[(<b] — P[{<a] = F(b)— F(a)

and for empirical distribution functions

S (00 —w) — 6(a—=) = w

1=1

FS®) - Fa) = —

The uniform bound in the case of intervals states:

Ha,b) N S‘

Ym,d>0: P
S|

Via,b): |Pa,b) —

2logm + log(1/0)
2\/ =) ]>1—5 2)

We can see that the convergence of the empirical probability estimator to the true probability
takes place simultaneously (uniformly) for all intervals [a, b). However, it would be wrong to assume
that uniform convergence would take place in other classes of sets. Instead of the class of semi-
intervals, consider the class of all finite sets A = {aq,ag,...,ar} of real numbers. If we fix a finite
set, we still have the convergence (by the law of large numbers):

| |S|S| Z X; — PJ[A] (asm — oo) where ;= {
m I X
=1

i

1 ifz; €A

0 otherwise

But if we do not fix the finite set and attempt to prove the simultaneous convergence for all finite
sets, then we encounter a problem. Even for the uniform probability distribution on the segment
[0,1] we have a contradiction:

A
VmeN: P |SWPleS oy (P[A]-' NS 4] 2
of size m |S|
Indeed, for every sample S of size m there always exists a finite set A such that
|[ANS|
P [a] - 5] =1

and this set A is the sample itself: A = S. We have P [A4] = 0 (for every finite set) and the fraction
|[ANS|/|S| =1. So, the class of all finite sets does not allow for uniform convergence of empirical
probability estimations.

The question arises: What makes one infinite class of sets have a uniformly converging proba-
bility estimator, whereas the other class’ estimator does not converge uniformly? The cardinality
of both the class of intervals and the class of finite sets is the same: continuum; therefore, the
difference lies elsewhere. The true answer to this question, as well as the generalized version of
bound (1) for infinite hypothesis sets, was found with the invention of VC-dimension, the core of
the modern statistical learning theory.



shattered not shattered not shattered
Figure 3: Three situations in Example 2.

3 Definition Of VC-dimension

The notion of VC-dimension was introduced by Vladimir Vapnik and Alexey Chervonenkis [5]; sim-
ilar notions were studied by Saharon Shelah [2] and Norbert Sauer [1]. Before giving its definition,
let us define one combinatorial property of sets:

Definition 1. A collection of sets H C 2% := {S:8 C X} shatters aset A C X if
{hnA:heH} = 2% .= {B:BCA}.

In other words, H shatters A if any subset of A can be obtained by intersecting A with some set
from collection H.
Consider two simple examples:

Ezample 1. Let X = R and H = {(a,b) : a < b}. Consider two sets: A = {2,3} and A’ = {2,3,4}.
It is easy to see that the class H of all intervals shatters A and does not shatter A’ (Fig. 3). Indeed,
we can obtain sets (), {2}, {3}, and {2,3} by intersecting A with intervals. However, for set A’
there is no interval that contains 2 and 4 and does not contain 3; therefore, subset {2,4} cannot
be obtained, and A’ is not shattered by intervals.

Example 2. Let X = R? and
H = { Rect(ar,a2,b1,b2) = {{z1,22): a1 <z < b1, ag < g <o} },

that is, H is the collection of axis-aligned rectangles in R?. You can see three situations, one with
a set that can be shattered and two with a set that cannot be shattered, on Fig. 3.

Now comes the definition of VC-dimension:

Definition 2. The VC-dimension of a collection H of sets is the cardinality of the largest set that
is shattered by H. If no such largest set exists, then H has infinite VC-dimension:

VCdim(H) := max {|A]: A is shattered by H}



Figure 4: The set A and its five-point subset C' from Example 4.

Let us apply this definition to the two previous examples:

Ezample 3. Let X = R and H = {(a,b) : a < b}; then VCdim(H) = 2. Indeed, as we saw in
Example 1, there is a set of size 2 that is shattered. Now, take any set A of 3 or more points; then
A contains three points x1 < 9 < x3. The set

B = AN ((—o0,21] U [z3,00))

cannot be obtained by intersecting A with an interval, because any interval that contains x; and
x3 must also contain zo, and xo € B.

Example 4. Let X = R? and let H be the collection of axis-aligned rectangles in R?; then
VCdim(H) = 4. We saw in Example 2 that VCdim(H) > 4. Consider any set A C R? of size 5 or
more, and take a five-point subset C' C A. In C, take a leftmost point (whose first coordinate is the
smallest in C'), a rightmost point (first coordinate is the largest), a lowest point (second coordinate
is the smallest), and a highest point (second coordinate is the largest); let x € C be the (fifth)
point that was not selected. Now, define B = A\ {z}. It is impossible to make B by intersecting
A with an axis-aligned rectangle. Indeed, such a rectangle must contain all four selected points in
C; but in this case the rectangle contains x as well, because its coordinates are within the intervals
spanned by selected points (Fig. 3). So, A is not shattered by H, and therefore VC dim(H) = 4.

Ezample 5. Let X = R and H be the collection of all finite subsets of R. Then VCdim(H) = oo,
because any finite set can be shattered by H.

4 VC-dimension Of Half-spaces
Let X = R"™ and H = HS", where
HS" = {h(al,...,an,anH) e, eR, i =1... n+1};

n
h(ai,...,an,apt1) = {<$1,...,:En> cR": Zaixi+an+1 > 0}
i=1

In other words, HS™ is the collection of all linear half-spaces in R"™. This collection occurs frequently
in the applications of statistical learning theory. So, let us determine the VC-dimension of H.S™.
Before we can do this, we need to give one definition and prove one lemma.



Definition 3. A set C C R" is convez if for every pair of points (vectors) x € C, y € C and for
any A € [0,1] we have: Az + (1 — Ay € C. Given any set A C R", the convex hull of A (denoted
hull(A)) is the intersection of all convex sets that contain A:

hull(4) = ﬂ {C CR": Cis convex and A C C'}

Any intersection of convex sets is also a convex set, so hull(A) is the smallest convex set that
contains A. For any finite subset {a1,aq9,...,ar} C A, we have

k k
Vi=1,...,k: >0 and Y A\ =1 = z = > Na; € hull(4)
i=1 i=1

because x belongs to any convex set that contains points aq,as,...,ar. Note that all half-spaces
h € HS™, as well as their complements h = R \ h, are convex sets.

Lemma 1. (Radon) For every set A C R", if |A| > n+ 2, then there is a subset B C A such that
hull(B) N hull(A\ B) # 0.

Proof. 2 We can assume that |A| = n + 2, because if some A’ C A satisfies the lemma, then A
also does. Let A = {aj,as,...,an42}; each point a; € A has coordinates a; = (a;1, a2, .., Gin).
Consider the following matrix:

a1l ai2 A1n 1
a a a 1
(pt21 Qpt22 --- Api2p 1

Matrix M has n+1 columns and n+ 2 rows, therefore its rows are linearly dependent, which means
that there is a linear combination

n—+2
Z/\i(aﬂ,aig,...,am,D = <0,...,0>
=1

in which some of \; are nonzero. As a consequence, we have

n+2 n+2
> Nai = (0,...,0) and > X = 0.
i=1 1=1

Now, let us define B C A as
B = {CLZ'EAZ )\i>0}

It is nonempty, because otherwise all \; = 0. The subset A\ B is also nonempty and consists of all
a; € A such that A\; < 0. Without loss of generality, assume that the first k points a1, ..., a are in
B, and the rest are in A\ B. We have:

k n+2 k n+2
Z )\iCLi = Z (—)\,-)ai and Z)\Z = Z (_)\z) = A
i=1 i=k+1 i=1 i=k+1

2Taken from website http://planetmath.org/encyclopedia/RadonsLemma.html



Denote p; = A\j/A for 1 <i <k and p; = (=X\;)/A for k+1<i<n+2;thenall y; >0, and we
have

k n+2 k n+2
Zﬂiaiz ZM%ZOC and Z,Uz' = Z,Uz' =1
i=1 i=k+1 i=1 i=k+1

This implies that point z belongs to both hull(B) and hull(A \ B), which proves the lemma. [

Now we can prove the theorem about the VC-dimension of HS".

Theorem 2.
VCdim(HS™) = n+ 1.

Proof. Here we shall prove that VCdim(HS™) < n+ 1; the proof of VCdim(HS™) > n+1 is
left as an exercise®. Suppose that there exists A such that |A| > n 4 2 and A is shattered by
HS™. Pick B as in Radon’s lemma; since A is shattered, there is a half-space h € HS™ such that
hN A = B. Of course, it is also true that h N A = A\ B. By Radon’s lemma, there is a point
xz € hull(B) N hull(A \ B). The half-space h is a convex set containing B, so z € hull(B) C h.
The complement h is also a convex set, and h contains A\ B, so = € hull(A\ B) C h. Point
belongs to both h and h, which is a contradiction. Therefore, A cannot exist, and the theorem is
proven. O

5 The Shatter Function

The shatter function is another combinatorial notion which is closely related to the notion of
VC-dimension. This function maps natural numbers to natural numbers, and it measures the
“shattering ability” of a given collection of sets.

Definition 4. Given X and the collection H C 2% the shatter function of H (denoted 74 : N — N)
is defined as

TH(Mm) = ‘Iﬁi)r(thﬂA: he H}|

In other words, 7h(m) is the largest number of subsets one can get from an m-element set by
intersecting it with sets from H.

If there is a set of size m that is shattered by H, then VCdim(H) > m and 7y(m) = 2. If
there is no such set, then VCdim(H) < m and 75 (m) < 2™

It turns out that for m > VCdim(H) not only 7g(m) < 2™, but in fact 7 (m) = poly (m).
This result is formulated in the following lemma:

Lemma 2. (Sauer) If H has a finite VC dim(H) = d, then Ym € N : 77(m) < m<.

Proof. We are going to prove even a stronger statement, namely: For any set A and a collection of
sets H, we have
[{hNA: he H}| < |{BC A: H shatters B}| (3)

This implies Sauer’s lemma, because if VCdim(H) = d then

d
. Al d
HBQA. HshattersBH < ;(z < A%

3Hint: prove that HS™ shatters set {0,e1,...,e,} where 0 = (0,...,0) and e; = (0...0,1;,0...0).
40f course, if there is no set of size m that is shattered, then there is no set of size greater than m that is shattered:
all subsets of a shattered set are themselves shattered.



Let us prove inequality (3) by induction. For A = (), both parts of the inequality are equal to 1.
Now, let A # (; assume that (3) is true for all sets smaller than A and all collections of sets. Pick
x € Aandlet A=A\ {z}. Given H, define three new collections of sets:

Hy = {hnA: heH}; Hay = {hnA: heH};
H% = {BCA': Be Hyand BU{x} € Hyu}
For every subset B C A’, there are four possibilities:

1. B € Hy and BU{z} € Hy; then B € H 4 and gives two counts for |H 4.
2. B € Hy,but BU{x} ¢ Ha; then B € Hys and gives one count for |Hy|.
3. B¢ Hy,but BU{x} € Hy; then B € Hy and gives one count for |H 4|.

4. B ¢ Hy and BU{z} ¢ Hy; then B ¢ H 4 and gives zero counts for |Hy|.

In the first case, B belongs to both H 4, and HY,; in the second and third cases, B belongs only to
H s, but not to H¥,. Therefore, we have:
|Hal = [Ha| + [H%/| (4)
Now we apply the induction hypothesis to A" and two collections H4 and H%,. Note that both
collections contain only subsets of A’, making h N A’ = h. We obtain:
‘HA/’ = HhﬂA/ : he HA/} < HB cA: H 4/ shatters B}‘ =
= [{B C A\ {z}: H shatters B}| = [{BC A: z ¢ B and H shatters B}|
|H%| = [{hnA": he HY}| < [{BCA: Hj shatters B}| =
= [{BC A\ {z}: H shatters BU{z}}| = [{BC A: z € B and H shatters B}|

Combining this with (4), we finally obtain
|Ha| = |Ha| + |H%| < |{BC A: H shatters B}

)

which completes the induction. O

Ezample 6. Suppose A C R?, |A| = 10000, and H = HS?. By Sauer’s lemma, there are at most
100003 = 10'? linearly separable subsets of A, out of 210000 ~ 103900 possible subsets.
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